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INEFFECTIVENESS OF HOMOTOPICAL INVARIANTS ON
NAKANISHI’S 4-MOVE CONJECTURE
BENOÎT GUERVILLE-BALLÉ AND JUAN VIU-SOS
Abstract. A 4-move is a local operation for links consisting in replacing two parallel
arcs by four half twists. At the present time, it is not known if this induces an unkotting
operation for knots. Studying the Dabkowski-Sahi invariant, we prove that any invariant
of knots based on the fundamental group pi1(S3\K) and preserved by 4-moves is constant
among the isotopy classes of knots.
Introduction
The question of unknotting operations is a classical sub-discipline of Knot Theory. One
of the most famous family of such operations is the one of the n-move, for a fixed integer n ≥
1. These operations can be described by exchanging two parallel arcs of a tame knot or link
(not necessarily contained in the same component) by a sequence of n consecutive crossings
with the same sign. This operation is illustrated in Figure 1. Two tame links are said to
be n-move equivalent if they are related by a finite sequence of n-move transformations.
n-move
· · · · · ·
n times
Figure 1. n-move operation
Focusing on the case of knots, it is known that for n equals 1 or 2, the n-moves are
unknotting operations. In the other hand, it has been proven in [3, 5, 10] that if n = 3 or
n ≥ 5, then there exist knots which are not n-move equivalent to the trivial knot or link.
The counter-examples are detected by using evaluations of the Jones polynomial (see [10]).
Remark that when n is odd, any link is n-move equivalent to a knot.
The case n = 4 is solved for certain classes of links [9, 5], but the question is still open
for knots. This problem is known as the Nakanishi conjecture [9] (see also [7]):
Conjecture (Nakanishi, 1979). Any knot can be reduced into the trivial knot by a sequence
of 4-moves.
From a diagrammatic point of view, Nakanishi’s conjecture can be reformulated as fol-
lows. Let K be a knot and DK be a diagram of K. Is it possible to transform DK into the
diagram of the trivial knot by a sequence of Reidemeister moves (Figure 2) and 4-moves?
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Type I Type II
Type III
Figure 2. Reidemeister moves
It was established in [4] that Nakanishi’s conjecture holds for standard braid closures
of 3-braids, rational knots, knots in the family 6∗, and all knots up to 12 crossings. In
the opposite, Askitas proposed in [1] the 2-cables of the figure eight knot as a potential
counter-example. Up to now, nobody succeeded in unknotting this knot.
However, the methods used by Dabkowski and Przytycki in [3, 5] appear to be useless
for the Nakanishi conjecture. Similarly, the tool constructed by Miyazawa, Wada and
Yasuhara in [8] is inefficient for knots. In fact, all these approaches are based on the nth-
Burnside group of links: quotients of the fundamental group of the branched double cover
of S3 along the link, where the nth power of any element becomes trivial. It has been
noticed in [6] that this group is always trivial in the particular case of knots when n = 4.
In 2007, a finer invariant is introduced by Dabkowski and Sahi in [6]. This invariant,
denoted R4(L), is also a particular quotient of the fundamental group. Furthermore, it
is used in [6] to detect some of the counter-examples for links provided in [3, 5]. Never-
theless, no one have succeeded to use this invariant to produce a counter-example for the
Nakanishi 4-moves conjecture. Brittenham, Hermiller and Todd proved in [2] that the R4
invariant is trivially valued for almost all the alternated knots with at most 20 crossings
(that is, for at least 99.9% of them). In order to prove this they introduce S4, a “simpler”
4-moves invariant for knots, which is defined as a quotient of the group R4. Moreover, it
they proved that S4 is trivially valued if and only if so is R4.
In the present paper, we show that any invariant of knots based in pi1(S
3 \ K) and
preserved by 4-moves is always trivially valued, i.e. it is constant among the isotopy
classes of knots. We first show (Theorem 1.4) that the Dabkowski-Sahi invariant is the
strongest invariant of pi1(S
3\K) preserved by 4-moves. Indeed, we prove that any invariant
of pi1(S
3 \K) which is also preserved by 4-moves can be factorized through R4(K). The
second result (Theorem 2.5) states that the Dabkowski-Sahi invariant is trivially valued
among the knots, solving Question 6.1 in [2].
In particular, this result implies that any invariant based on pi1(S
3 \K), as for example
the hyperbolic structure of the complement or the HOMFLY polynomial, cannot be used
to detect a counter-example for the Nakanishi 4-moves conjecture.
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1. The Dabkowski-Sahi invariant
In this first section, we recall the definition of the Dabkowski-Sahi invariant and we prove
that it is the strongest homotopical invariant of a knot which is also 4-moves invariant.
1.1. Definition. In [6], Dabkowski and Sahi introduce a topological invariant of knots and
links which is invariant under 4-moves.
Definition 1.1. For any link L with Wirtinger presentation pi1(S
3 \ L) = 〈X | R〉, we set
R4(L) =
〈
X | R ∪R′
〉
,
where R′ =
{
(awbw−1)2(wbw−1a)−2 | w ∈Word(X±), a, b ∈ X±
}
, and Word(X±) is the
set of all the words written using the alphabet X± =
{
x, x−1 | x ∈ X
}
.
Proposition 1.2 ([6]). The group R4(L) is an invariant of the link L which is preserved
by 4-moves.
Remark 1.3. If T1 is the trivial knot then R4(T1) ≃ Z.
1.2. Factorization through R4. We prove that the invariant R4(L) is the strongest
invariant of pi1(S
3\L) which is preserved by 4-moves. More precisely, we have the following
result.
Theorem 1.4. Any invariant of pi1(S
3\L) which is preserved by 4-moves can be factorized
through R4(L).
In order to prove the result above, let state and prove the two following basic lemmas.
Let DL be a diagram of a link L and 〈X | R〉 be the associated Wirtinger presentation of
pi1(S
3 \ L).
Lemma 1.5. If A and B are two arcs of DL then there is a sequence of Reidemeister
moves such that the transformation of A and B are parallel, and the meridians associated
with A (resp. B) and its transformation are equal.
Proof. Using Reidemeister moves of type II (see Figure 2), we can move the arc A over all
the others until being close to the arc B. See Figure 3. 
A
B
A
B
...
...
Figure 3. Creation of parallel arcs
Lemma 1.6. Let a ∈ X be the meridian associated to an arc of DL. For any word w ∈
Word(X±), there exists a link diagram D′L, obtained from DL by a sequence of Reidemeister
moves, containing an arc with associated meridian expressed by waw−1.
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Proof. By induction, it is enough to prove that we can create an arc such that its associated
meridian is bab−1 or b−1ab, for any b ∈ X. First, we use the previous lemma in order to
create an arc A parallel to B and such that its meridian is a. Then, we use a Reidemeister
move of type II to place the arc A under the arc B. The meridian of the created arc will
be one of the two expected. To obtain the second one, we apply a Reidemeister move of
type I to the arc B before using the Reidemeister move of type II. See Figure 4. 
a
b
a
b
a
b
a
b
bab−1
a
b
a
b
a
b
a
b
b−1ab
Figure 4. Creation of conjugates
Proof of Theorem 1.4. The idea of this proof is to show that all the relations given in R′
are necessary in order to construct a quotient of pi1(S
3 \ L) which is invariant under the
action of 4-moves.
Let w be any word in Word(X±) and let a, b be two elements of X±. Applying
Lemma 1.6, we create an arc B with meridian β = wbw−1. Then, by Lemma 1.5, we
move the arc B such that it is parallel to the arc A associated to the generator a. As
illustrate in Figure 5, if we perform a 4-move between the arc A and B, then to be 4-move
invariant, we need to have the relation
(aβ)2(aβ)−2β = β.
Simplifying the β in both sides we get exactly (awbw−1)2(awbw−1)−2 = 1, that is a relation
of R′. Since this is true for any w in Word(X±), then all the relations of R′ are necessary
in order to get a 4-moves invariant. 
a
β
a
β
a
β
(βa)2(aβ)−2a
β(aβ)2(βa)−2
4-move
a
β
a
β
a
β
(β−1a)2(aβ−1)−2a
(β−1a)2(aβ−1)−2β
4-move
Figure 5. The 4-moves relations
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2. Triviality of the invariant
This section is devoted to prove that the Dabkowski-Sahi invariant is always trivially
valued in the case of knots.
2.1. The reduced form of R4(K). In [2], the authors studied the invariant R4 in the
particular case of knots. They introduced another 4-moves invariant, denoted S4(K), and
derived fromR4(K). In the case of knots, the trivial valuation of this invariant is equivalent
to the one of the Dabkowski-Sahi invariant.
Definition 2.1. For any knot K with Wirtinger presentation pi1(S
3 \ K) = 〈X | R〉, we
set
S4(K) =
〈
X | R ∪R′ ∪ S
〉
,
where R′ =
{
(awbw−1)2(wbw−1a)−2 | w ∈Word(X±), a, b ∈ X±
}
as in Definition 1.1 and
S =
{
a2 | a ∈ X
}
.
Remark 2.2. If T1 is the trivial link then S4(T1) ≃ Z/2Z.
By construction, S4(K) is a quotient of R4(K), thus we have the following.
Proposition 2.3. The group S4(K) is an invariant of the knot K which is preserved by
4-moves.
The invariant above is in principle easier to compute as a group, since any meridian has
order 2. The main point of its developing in [2] is the fact that the trivial valuation of
S4(K) is equivalent to the one of R4(K).
Theorem 2.4 (Corollary 4.7 of [2]). The following assertions are equivalent:
(1) R4(K) ≃ Z, i.e. R4(K) is trivially valued.
(2) S4(K) is finite.
(3) S4(K) is Abelian.
(4) S4(K) ≃ Z/2Z, i.e. S4(K) is trivially valued.
Using the fact that all the generators of the Wirtinger presentation are conjugated in the
case of a knot, the authors give in [2, Lemma 3.5], the following more useful presentation
of S4(K):
S4(K) = 〈X | R ∪ S ∪ T 〉 ,
where T =
{
(awaw−1)4 | a ∈ X,w ∈Word(X)
}
and S as previously described in the be-
ginning of the present section.
2.2. Triviality of R4(K). Based in the above relation between both invariants of knots,
we deduce our main result by studying the triviality of S4 from its presentation.
Theorem 2.5. The invariant S4 is trivially valued among the knots, i.e. S4(K) ≃ Z/2Z
for any knot K.
Before to prove it, let state its two direct corollaries. The first is a consequence of
Theorem 2.4, while the latter comes from the first corollary and Theorem 1.4.
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Corollary 2.6. For any knot K, the Dabkowski-Sahi invariant R4(K) is trivially valued,
i.e. R4(K) ≃ Z.
Corollary 2.7. Any invariant of a knot preserved by 4-moves which can be factorized
through the group of the knot is trivially valued.
Remark 2.8. Roughly speaking, the above implies that there is no homotopical invariant
able to detect a counter-example of the Nakanishi 4-moves conjecture.
To prove Theorem 2.5, we introduce a group T4(K), related with S4(K), defined as
follows. Let K be a knot and consider DK a diagram of K with n arcs. As previously, we
fix 〈X | R〉 the Wirtinger presentation of pi1(S
3 \K) associated to DK . Let us recall that
the relations of R are of the form xi+1 = x
±
ϕ(i)xix
∓
ϕ(i) (with the convention xn+1 = x1). We
define the group T4(K) by
T4(K) =
〈
x1 . . . , xn | x
2
i , (xixj)
4, xixϕ(i)xi+1xϕ(i), for any i, j = 1, . . . , n
〉
. (1)
Lemma 2.9. We have the following implication:
T4(K) ≃ Z/2Z =⇒ S4(K) ≃ Z/2Z.
Proof. First, remark that S4(K) is a quotient of T4(K). Indeed, the first and the last
relations of (1) correspond to S and R respectively in S4(K). Moreover, it is clear that{
(xixj)
4 | i, j = 1, . . . , n
}
⊂ T .
If T4(K) is Abelian then so is S4(K). To conclude, we notice that the Abelianizations
of T4(K) and of S4(K) are both isomorphic to Z/2Z. 
In order to prove that T4(K) ≃ Z/2Z (and so is S4(K) too) for any knot K, we study
HK the kernel of the Abelianization map of T4(K). Remark that the Abelianization map
sends any generator xi on the non-trivial element in Z/2Z. As a consequence, HK is
composed of the elements in Word(X) of even length. Moreover, {xix1}
n
i=1 is a set of
generators of HK . Indeed, in T4(K) we have that xi = x
−1
i and thus
xixj = xix1x1xj = (xjx1)(xix1)
−1, ∀i, j = 1, . . . , n.
We denote by yi the element xix1, and we set Y = {y1, . . . , yn} the generating system
of HK . We can thus rewrite the relations of (1) in terms of Y , obtaining so the following
presentation for the kernel
HK =
〈
y1 . . . , yn
∣∣∣∣ y1,
(
yiy
−1
j
)4
, yiy
−1
ϕ(i)yi+1y
−1
ϕ(i), for any i, j = 1, . . . , n
〉
. (2)
Remark 2.10. The above relations imply, in particular, that y4i = 1 for any i = 1 . . . , n.
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In order to prove that HK is trivial, let state the following lemma of Group Theory.
Lemma 2.11. Let G = 〈X|R〉 be a finitely generated group such that any generator x ∈ X
has order either one or an even number. We have that G is trivial if and only if G = kerψ,
for any ψ : G→ Z/2Z.
Proof. Assume that G = 〈X|R〉 6= {1}. There exists a generator xi ∈ X such that
ord(xi) = 2m, for some m ≥ 1. By hypothesis, the Abelianized group G
ab is finite. Thus,
we can assume that it is isomorphic to Z/2mZ ⊕ A, where A is a finite Abelian group,
and Z/2mZ is generated by the image of xi. Consider ψ : G→ Z/2Z be the map defined
as the composition of the Abelianization morphism, the projection of Z/2mZ ⊕ A on
Z/2mZ and the morphism Z/2mZ → Z/2Z sending a 7→ a mod 2. By construction,
ψ(xi) = 1 ∈ Z/2Z, and thus kerψ 6= G.
The reciprocal follows directly. 
Proof of Theorem 2.5. By Lemma 2.9, it is enough to prove that T4(K) is Abelian.
Following Remark 2.10, we know that ord(yi) ∈ {1, 2, 4}. Let ψ : HK → Z/2Z be
a morphism of groups. Note that ψ(y1) = 0. Since ψ is a morphism then the relation
y1y
−1
ϕ(1)y2y
−1
ϕ(1) gives that ψ(y2) = ψ(y1) + 2ψ(yϕ(1)) = 0. By induction on the relations
yiy
−1
ϕ(i)yi+1y
−1
ϕ(i), we have:
ψ(yi+1) = ψ(yi) + 2ψ(yϕ(i)) = 0,
for any i = 1, . . . , n − 1. Remark that this induction on all the indices i is possible since
K is a knot. Thus we have HK = kerψ. By Lemma 2.11, we get HK={1}. Since HK is
the kernel of the Abelianization map of T4(K), then T4(K) is Abelian. 
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